PROPOSED
MARKING GUIDE
PURE MATHEMATICS

P425/1 2023
NO SOLUTION MKS | COMMENT
L [12422 4+ +n? ==nQn+ D +1)
Solution
Forn=1;
LHS=12=1,RHS= % x1x(3)(2) =1
It holds
Forn = 2;
LHS=12+22=5
RH.S = % x2x(5)3) =5
It holds
Assume the result holds forn = k
12422 432 4+ k? = 2k(2k + 1)(k + 1)
Forn =k + 1;
12422432+ o+ k2 + (k +1)? = =k(2k + 1) (k + 1) + (k + 1)
RH.S = %k(Zk + Dk +1) + (k+ 1)2
= Z2[2k2 + k + 6k + 6]
= Z2[2Kk2 + Tk + 6]
= = (k + 1)(2k + 3)(k + 2)
Itholdsforn =k + 1
05

If y = mx + cis atangent to 4x2 + 3y? = 12, then
4x% + 3(mx +¢)? = 12
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4x? + 3(m?x? + 2mex + ¢?) = 12

4x? + 3m?x?% + 6mcex + 3¢ = 12
(4+3m?)+ 6mex+3c?2—-12=0

For tangency, b? = 4ac

(6mc)? = 4(4 + 3m?)(3¢? — 12)

36m?c? = 4(12c? — 48 + 9m?c? — 36m?)
I9m?c? = 12¢? — 48 + 9m?¢c? — 36m?
12¢? = 48 4+ 36m?

2 =4+ 3m?
05
3 |y=-e*cos3x
L — _3e%sin3x + e* cos 3x
dx
ay _
x —3e*sin3x +y
ay _ _ x X g ay
= 3[3e*cos3x + e sm3x]+dx
=—9y—36xsin3x+d—i:
=—9y+——y+—
=Za—10y
LAY oAy _
3 de+10y—0
05

4 |Letd=3i+12j+4kandn = —i+ 2j + 2k
Let & = required angle
Usingd -n = |d||n|sin @

3\ /-1
(12) ( 2 ) =32 + 122 + 42 \/(—1)2 + 22 + 22 sin 6
4 2

—3+24+8=+1699 sin®
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29 =13 X 3sinf

sing = 2
39
0 = sin~! (2)
39
0 = 48.04°
05
7-2X
(x+1)(x-2) >0
Critical values
x=—-1,x=2,x=-
X x<—-1|-1<x<2|2<x<35|x>35
(7 — 2x) + + - —
(x+D(x—2) + - + +
7—2x + _ + —
(x+1)(x—=2)
~ The range of valuesof x are: x < —1,2 < x < 3.5
05
/3 2 g0 — (/3 2
Jy 31 + cos3y)*dy = [ "3(1 + 2 cos 3y + cos?3y) dy
= foﬂ/3 [1 + 2cos3y + %(COS 6y + 1)] dy
= |y +2sin3y + Zsin6 +3]n/3
= |y +35sin3y +—sin6y + -y .
3 2 . 1, /3
= [Ey +3sin 3y + — Sin 6y]0
= (E+Esinn+isin2n) -0
2 3 12
=~ or 1.5708
05

Let 2sin6 + 3 cos O = Rsin(6 + a)
2sinf + 3cosO = Rsinf cosa + RcosBsina
= (Rcosa)sinf + (Rsina) cos 6
Comparing coefficients of;

sin@;Rcosa =2 .........cccoeeennn. (1)
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cos@;Rsina=3..................... (1)
(Rcosa)? + (Rsina)? = 2% + 32
R%(cos?a + sin?a) =4 +9 =13

R? =13

R =413

(i)=(1); tana = %
a = tan"1(1.5)
a = 56.31°

~2sin@ + 3 cos =13 sin(@ + 56.31°)

Let f(x) =In(2+x),f(0) =In2 =
f@) =550 =3
fr@) ==+ 1= om0 =
Using £ () = £(0) +xf'(0) + L Q4 L0 4 .
A2+ x) =In2+2x —=x2 + -
05

a) Letf(z) =2z3—-7z2+19z—13

Puttingz =1
f(H)=13-7(1)2+19(1) — 13
f)=0

z = 1lisarootandthen z — 1 is a factor
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z?—6z+13
(z-D| ,3_7,2419,-13

z3 — 72

_—62z>+19z—13
—6z% 4 62
13z — 13
13z-13

z°—6z+4+13=0

;= 6+,/(—6)2—4X1x13
- 2x1

;= 6+v-16

The valuesof zare 1,3 + 2i and 3 — 2i

b)8(—V3 +i) = —8V3 + 8i
Letz = —8v3 + 8i

r=|z = \](—8\/§)2 + 82 = 16 units

2Im (2)
------ 8
| 6
(NN R
-8v3 Re Ez)

arg(z) = 6 = 180° — tan™? (Siﬁ) = 180° - 30° = 150° = 2

1
Using z = rn [cos (ejnk) + i sin (9+flnk)]

1 5T ok L 5T ok
z = 164 |cos 64 + i sin 64

Prepared by Mr. Seninde Denis Tel: 0789367681/0706250578



S5t+12mk .. St+12mk
z = 2 |cos + i sin
24 24

Fork =0,z; =2 [cos (2—7:) + i sin (E—Z)]
= 2(0.7934 + 0.6088i)

= 1.5868 + 1.2176i

Fork=1,z, =2 [cos (1277?) + isin (127—:)]
= 2(—0.6088 + 0.7934)
= —1.2176 + 1.5868i

Fork =2,z; =2 [cos (22977) + isin (22977)]
= 2(—0.7934 — 0.6088i)

= —1.5868 — 1.2176i
Fork =3,z, =2 [cos (421{) + isin (421—:)]

= 2(0.6088 — 07934i)
= 1.2176 — 1.5868i

12

10 | Method |

Let 3x3;2(’1€2_;§x+1 =Ax+ B+ g + 1%(
3x3+2x2-3x+1=x(Ax+B)(1—x) + C(1 —x) + Dx
Puttingx =1;3 =D ~D=3
Puttingx =0;1=C ~C=1
Comparing coefficients of;
x33=-A nA=-3
x42=A-B

2=-3—-B ~B=-5
B gy gyl S
Hence;
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ff(x)dx=f(—3x—5)dx+f§dx+f:—xdx

=—§x2—5x+lnx—31n(1—x)+c

Method 11
3x3+2x%-3x+1 _ 3x3+2x2-3x+1
x(1—x) - x—x2
—3x—5
(**+29)| 353 4227 —3x+ 1
3x3 — 3x?
_5x*—-3x+1
5x2 — 5x
2x+1
3 2_
3x°+2x“—3x+1 — —3y — 5 + 2x+1
x(1-x) x(1-x)
2x+1 _ A B
Let x(1-x) = x 1-x
2x+1=A4(1—-x) + Bx
Puttingx =1;3 =8B ~B=3
Puttingx = 0;1 = 4 nA=1
3 2_
. 3x°+2x°—3x+1 = _3x_5+l+i
x(1-x) x 1-x

Hence;
ff(x)dx=f(—3x—5)dx+f%dx+f:—xdx

:—%x2—5x+lnx—31n(1—x)+c

12

11

a) Equation of a line through E(2,0, —1)

(o)(3)
i)
()=o) =(2)
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X=2-2U

y=u

z=-1+4+2u

At point B;

2-2u+2u—2(-1+2u) =238

2+2—-4u=28

—4u =4 au=-1

> x=2-2(-1) =4
y=-1
z=-1+2(-1)=-3
~B(4,—-1,-3)

b)
]?(2,0,—1)

1 Ln=i+2j—2k

[/

Equation of the perpendicular from E to the plane;

(o))
ar-()
2)-(5)+(2)

x=2+t

y =2t
z=-1-2t
At point C;
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2+t+4t—-2(-1-2t)=38
2+5t+2+4t=38
9t =4

12

12

a) No. of ways = 10! = 3,628,800 ways
b) No. of ways =°Csx’Cs = 84 x 21 = 1764 ways
C) ZOCr — ZOCr_2

200 20!
(20-r)ir! — (20-(r-2))!(r-2)!

0—nr)r!=(20—(r—2)) (r—2)!
QRO—-MIr'=022-r)!(r—-2)!
RQO—-rrr—-1Dr-2)!=022-rR1-r)20—-7r)!(r—2)!
rr—1)=022—-7r)(21—-1r)

r? —r =462 —22r — 21r +r?

—1r = 462 — 43r

42r = 462

r=11

Alternatively:
If"Cx="Cy=>x+y=n
Then 2C, = 2C, _,
r+r—2=20

2r = 22
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~r=11

12

13 |a) x =t? -3,y =t(t* — 3)

Fromx =t2—3

t=+vx+3
= y =+/x + 3(x)

Squaring both sides gives
y? =x%(x + 3)

~y?=x3+3x%orx3 = y* — 3x?

Alternatively:

y
= => = =
y=tx=>t=2
Using x = t? — 3

2

E>x=y—2—3

X

wx3=y% —3x%ory? = x3 4 3x?

b)
(i)
AY
P(x,y)
0(0.0) A(120) X
OP =5PA
0OP2 = 25PA?

(x—0)*+ (y — 0)* = 25[(x — 12)* + (y — 0)]
x% +y? = 25(x? — 24x + 144 + y?)
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x? +y?% = 25x% + 25y%2 — 600x + 3600
24x% + 24y? — 600x + 3600 = 0
x? +y% — 25x + 150 = 0 hence a circle

(if) Completing squares
x? +y? —25x = —150

(x —22—5)2 +(y—0)%=—150 + (275)2
(x-2) + -0 =2

- Centre, C(ZZ—S, O) and radius, r = (%) -

> 2.5 units
2

12

14 | a) Turning points

dy _ (4x?-1)-0-1-8x
dx (4x2-1)2

8x =0

=0

x=0

Whenx=0,y=0711=—1

o (0; _1)
Nature;
d’y _ (4x2-1)2-—8+8x-2(4x?-1)-8x _ (4x%-1)(96x+8)
dx2 (4x2-1)4 - (4x2-1)*
_ _ (0-1)(0+8) _
Whenx =0,y = SO 8<0
(0; _1)max

b) Asymptotes

Vertical asymptote

4x2-1=0
4x% =1
x=il

2
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1 1
X=—-,X=z
2 2
Horizontal asymptote
1
xZ

1
4__
x2

y:

Asx - +oo,y -0
ley=20

Intercepts

Wheny = 0,x =?

0 = 1, x is undefined

Whenx =0,y =?
1
y - E - _11 (01_1)

yl

12

15

a) tan 36 = tan(26 + 6)

tan 260+tan 6
1-tan26tan®

2tan @
1-tanZ6

But tan 20 =

2tan @

= tan 36 = i-tanzg 2"
- _( 2tan@

1-tan?6

)-tan 6

__ 2tanf+tan6—-tan6
" 1-tan26-2tan20
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__ 3tanf-tan36

~ 1-3tan?6

tan 8 (3—tan?0)
(1-3tan20)

~tan 360 =

ALT:
From De Movoire’s theorem:;
cos 30 + isin30 = (cos @ + isin@)3
= c0s30 + 3icos?0sin O — 3 cos O sin?f — isin30

Equating components;

Real: cos30 = cos30 —3cos@sin?0 ..................... (i)

Imaginary; sin 360 = 3cos?8sin@ —sin30................ (i)
20 cim O cin3

(II)—(I), tan 36 = 3co0s“0 sin 8 —sin°0

cos30—-3 cos Bsin%6
Dividing through the R.H.S by cos38

3tan 6—tan360

tan 30 =
1-3tanz6
tan 6 (3—tan?0)

~ tan 36 = (1-3tan?0)

b) cos6x + cos2x + cos4x =0
2 cos4xcos2x + cos4x =0
cosdx (2cos2x+1)=0
Either cos4x =0o0r2cos2x+1 =20
For cos4x =0
4x = cos™1(0)
4x = 90°,2709,450°, 630°
x =22.5%67.5°112.5%157.5°
For2cos2x+1=0

1
CoS 2x = —3

2x = cos™?! G)

2x = 120°,240°
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x = 60° 120°
.~ x =22.5°60°67.5% 112.5° 120° 157.5°

12

16 |a) Let T be the body’s temperature
dT

dT__ .

-~ = k(T — 25)
ar _

e = [kdt

In(T —25) = —kt+ ¢

T — 25 = e—kt+c

T —25= ekt . g€

T—25=Ae™™ A=e€

T =25+ Ae™*

Whent =0,T = 90°C

90 =25+ A4 ~A =65
T = 25+ 65e7*

When t = 6 mins, T = 60°C

60 = 25 + 65e ¥

p—6k — 32
65
—6k =In (%)

1 65
k=¢n(Z)
~T =25+ 65¢ s MGt
b) WhenT = 40°,¢t =?
40 = 25 + 65¢ MGt

() u=n)
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-6 ln(%)
In(55)

When T = 30°,t =?

t; = = 14.2124 minutes

30 = 25 + 65¢ s "Ge) %2
—in(5) . =1n(3)

_-o(s)

tZ - ln(65)

35

= 24.8606 minutes

~ Time taken = 24.8606 — 14.2124
= 10.6482 ~ 11 minutes

Alternatively:
Using In(T — 25) = —kt + ¢

Sett= tl atT=4‘0:>ln15 ES —ktl-l-C
Sett = tz a.tT= 30 :>ln5 = _ktz +cC
Subtracting : In15 —In5 = k(t, — t;)

o In3
The required time, t, — t; = HT

=1In3 +%ln(§)

__ 6In3
(%)

= 10.6482 ~ 11 minutes

12
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